ABSTRACT. We completely solve the topological period-index problem for finite CW complexes of cohomological dimension at most 6. While for odd primes, the solution agrees with what is expected in algebraic geometry, the solution at the prime 2 does not, which suggests that something interesting is happening: either some restriction on the homotopy type of complex 3-folds is intervening, or the period-index conjecture is false at the prime 2 in dimension 3. At present, we cannot conclude which of these possibilities occurs.
INTRODUCTION
The cohomological Brauer group of a topological space X is Br ′ top (X) = H 3 (X, Z) tors .
Given a PU n -torsor P → X, there is a class δ n (P) ∈ Br ′ top (X) that is the obstruction to lifting P to a U n -torsor; these classes arise from the exact sequences 1 → S 1 → U n → PU n → 1. Given α ∈ Br ′ top (X), the period of α, written per top (α), is the order of α in the cohomological Brauer group. The index ind top (α) is a more interesting invariant. It is the GCD of all n such that α = δ n (P) for some P. In general, per top (α)| ind top (α). The Brauer group Br top (X) is the subgroup of Br ′ top (X) consisting of those classes represented by some projective bundles, i.e., those classes α for which ind top (α) is finite. When X is a finite CW complex, Serre showed [11] that Br top (X) = Br ′ top (X). In this case, the period and the index have the same prime divisors [1, Theorem 3.1].
There are similar definitions for schemes X. The cohomological Brauer group is Br ′ (X)
is H 2 et (X, G m ) tors . The classes α ∈ Br ′ (X) appear as obstructions to lifting PGL n -torsors to GL n -torsors, and we can define per(α) and ind(α) in the same way. The period-index problem is to relate the period and index, and especially to find upper bounds on the index in terms of the period. The following is the major conjecture on the subject. For details, see [1] . for all classes α ∈ Br ′ (X) such that X is a finite CW complex of cohomological dimension d and per top (α) = n. The analogous result for function fields is unknown, except when n = 2 by unpublished results of Daniel Krashen.
There is as much evidence for the algebraic period-index conjecture as there is in the literature for the following guess, namely only evidence up to d = 2. Statement 1.3. Let X be a 2d-dimensional finite CW complex, and let α ∈ Br ′ top (X). Then,
This statement is false, as we show in this paper. It fails in general for 6-dimensional complexes when 2 divides the period. It is true for 6-dimensional complexes when the period is odd. We show in the final section of the paper how this might be used to construct a counterexample to the original period-index conjecture. In light of this result, one is lead to the problem of determining the correct exponent in the topological period-index conjecture. We intend to return to this question in a sequel.
Our method in this work involves playing twisted K-theory off of some new calculations of the cohomology of B PU n . We hope that these topological results will help shed light on the algebraic period-index problem in the future.
RESULTS
For a natural number n we write (1) ǫ(n) = 2n if n is even, n if n is odd.
We write β n for the unreduced Bockstein: β :
, and we abbreviate this to β if n is clear from the context.
We will construct in Section 3 a secondary cohomology operation G defined for classes α ∈ H 3 (X, Z) tors and taking values in
is the Pontryagin square, and where the classes (2) , which implies the weaker relation
if n is even. The most useful case of equation (2) is that where n = per top (β n (ξ)), from which we deduce that
For any divisor m of ǫ(n), examples exist where G(α) has order precisely m. These upper-bounds on the index are the best possible.
As a consequence of the sharpness statement of the theorem, there exist 6-dimensional finite CW complexes X and 2-torsion classes α ∈ H 3 (X, Z) tors such that 2G(α) = 0. In light of this fact, the following theorem is especially interesting. By the description of G above, to construct such a class α, it suffices to construct a smooth projective complex 3-fold X and a class ξ ∈ H 2 (X, Z/n) such that β 2 (ξ 2 ) = 0 in H 5 (X, Z). Note that it follows by applying [10, Theorem 2.2.3] to twisted Grassmannians that if the period-index conjecture fails, then it fails for some class α ∈ Br(X) where X is smooth and projective.
THE EXISTENCE OF G
First we show that there exists a secondary cohomology operation G(α) such that Theorem A holds. To do this, we recall the following three propositions. The coefficient sheaf Z(q/2) is Z if q is even and 0 if q is odd. 
the index map (or rank map, or reduced norm map).
Proof. This is [2, Theorem 4.1].
Proposition 3.2. Let X be a connected CW complex. The differential
The twisted spectral sequence is a module in the natural sense over the untwisted AtiyahHirzebruch spectral sequence
By writing a class x ∈ H p (X, Z(q/2)) in the twisted spectral sequence as x · 1, where we view 1 being twisted and x as being untwisted, we see that
there are no non-zero cohomology operations Proof. This is an amalgamation of Proposition 2.21 and Lemma 2.23 of [1] .
The spectral sequence of Proposition 3.1 is functorial in that a map f : Y → X and a class α ∈ H 3 (X, Z) give rise to a map of spectral sequences compatible with the map KU
If X is a topological space, α ∈ H 3 (X, Z) tors and if per top (α) = n, then the d α 5 -differential emanating from E 0,0
Because of the naturality of the descent spectral sequence, the assignment
is a secondary cohomology operation, which we denote by G(α). 
Proof. For such a space, only two nonzero differentials may emanate from E 0,0 * in the descent spectral sequence for α-twisted K-theory. The first has kernel per top (α)Z, by Proposi- This statement can be extracted from either [12] or [16] for B PU p when p is an odd prime. The special case of B PU 2 follows from [6] and the exceptional isomorphism PU 2 ∼ = SO 2 . We give a proof which works for all n.
To prove the proposition, we need several lemmas. Recall [15] that the ring H * (BU n , Z) is a polynomial algebra in Chern classes c 1 , c 2 , . . . , c n , with |c i | = 2i. Write ρ : U n → PU n for the quotient map and Bρ : BU n → B PU n for the associated map on classifying spaces. [17] Proof. There is a fiber sequence BS 1 → BU n → B PU n , where the map B∆ : BS 1 → BU n is that induced by the diagonal. SinceH i (B PU n , Z) = 0 for i ≤ 2, and since H * (BS 1 , Z) = Z[t] where |t| = 2, the Serre exact sequence of low-dimensional terms in the Serre spectral sequence for BS 1 → BU n → B PU n yields an exact sequence
Lemma 4.2 (Woodward
so that the map Bρ * is the inclusion ker B∆ * → H 4 (BU n , Z). The pull-back along ∆ of the universal bundle EU n → BU n has total Chern class (1 + t) n , from which it follows that B∆ * (c 1 ) = nt, implying that B∆ * (c 2 1 ) = n 2 t 2 and B∆ * (c 2 ) = ( 
. The E 2 -page of the Serre spectral sequence associated with PU n → E PU n → B PU n .
the contractible space E PU n we can deduce a great deal about the terms and differentials. In the first place, the
is an isomorphism. In the second place we show that the map labeled d 2 in Figure 1 is surjective. We refer to this map simply as d 2 . We deduce the existence of a commutative square
where the vertical map on the right is that of the Serre spectral sequence associated to the fiber sequence U n → EU n → BU n . The subgroup ker(d 2 ) is generated by by for some unique integer b such that d 4 (by) = d in H 4 (B PU n , Z), and following the arrows counterclockwise and using Lemma 4.2, we see that by has image −ǫ(n)c 2 in Z · c 2 . Following the arrows clockwise, and using Lemmas 4.3 and 4.4, we see that by has image bc 2 in Z · c 2 when n is odd and image 2bc 2 when n is even. In particular, it follows that b = −n. Since ker(d 2 ) = nZ · y, we see that d 2 is surjective.
In the third place, d 3 (x 2 ) = 2xd 3 (x), so that ax 2 is in the kernel of the d 3 -differential if and only if 2a ≡ 0 (mod n), which is to say that a ≡ 0 (mod m) and so the d 3 -differential is injective on Z/m · x 2 . One may now check directly that there are no nonzero groups which can support a differential d i : A → H 5 (B PU n , Z), so the group H 5 (B PU n , Z) consists of permanent non-zero classes, and since E PU n is contractible, it that follows H 5 (B PU n , Z) = 0.
THE OBSTRUCTION THEORY OF B PU n
By definition, the topological index ind top (α) is the greatest common divisor of the integers n such that α ∈ H 3 (X, Z) = H 2 (X, S 1 ) is in the image of the connecting homomorphism H 1 (X, PU n ) → H 2 (X, S 1 ). In homotopical terms, it is the GCD of the integers n such that a lift exists in the diagram
Here the map B PU n → K(Z, 3) is the application of the classifying-space functor to the map PU n → BS 1 which classifies the quotient map U n → PU n . The projective unitary group PU n is the quotient of U n by its center, which is the image of a homomorphism S 1 → U n . The map S 1 → U n of S 1 onto the center of U n has homotopy type equivalent to n times a generator of π 1 U n . Therefore,
Bott computed [5, Theorem 5] the following homotopy groups of the unitary groups U n :
Moreover, the standard inclusion maps U n → U n+1 induce isomorphisms
The first two stages of the Postnikov tower of B PU n therefore takes the following form
Proof. This follows from comparing the presentation of PU n as the quotient of U n by S 1 and its presentation as the quotient of SU n by its center, Z/n.
The map classifying B PU
. It is to consideration of this class that we now turn. Proof. Compare with U n .
When X is a CW complex of cohomological dimension at most 6, then there is a natural bijection
given by the truncation map B PU n → B PU n [5] in the Postnikov tower of B PU n , where
Indeed, all obstructions to lifting a map X → B PU n [5] to a map X → B PU n occur in H k+1 (X, π k B PU n ) where k ≥ 6. These groups are zero by hypothesis, and the lifts are unique.
The maps B PU n → B PU nr induced by r-fold direct summation in turn induce maps of the corresponding fibrations above, and in particular a map K(Z/n, 2) → K(Z/nr, 2).
Lemma 5.3. The pullback map
takes f nr to r · f n for all integers n > 1 and r > 0.
Proof. This follows from the functoriality of Postnikov towers. Indeed, by Lemma 5.2 the map π i B PU n → π i B PU nr is multiplication by r for all i, as one can see by comparing to U n → U nr . It follows that there is a commutative diagram
Hence the result.
Recall that we have defined ǫ(n) to be n if n is odd and 2n if n is even.
Proposition 5.4. The first few integral cohomology groups of K(Z/n, 2) are
and
Here β denotes the unreduced Bockstein of ι, the fundamental class, and Q denotes either β(ι 2 ) if n is odd, or a class such that 2Q = β(ι 2 ) if n is even.
This may be deduced from the calculations of homology given in [7] or directly from the Serre spectral sequence for K(Z/n, 1) → * → K(Z/n, 2). In the case where n is even, the class Q is 2n-torsion, and therefore there exist two classes P 2 ∈ H 4 (K(Z/n, 2), Z/2n) with the property that β(P 2 ) = Q. We fix one of these classes and declare it to be P 2 . We call this class the Pontryagin square of ι, in extension of the ordinary usage of this term in the case when n is a power of 2. 
If α ∈ H 3 (X, Z) tors is any class, then there exists some potentially non-unique lift ξ ∈ H 2 (X, Z/n) such that β(ξ) = α. By this method, G(α) = G(β(ξ)) may be computed, and one deduces further that G(α) is ǫ(n) torsion, since ξ is n-torsion. Theorem B. Let X be a finite CW complex of cohomological dimension at most 6. Then, for any
These upper-bounds on the index are the best possible.
Proof. The bounds hold by Theorem A and the observation that G(α) is ǫ(n)-torsion. The bounds are realized by β ∈ H 3 (sk 5 (K(Z/n, 2)), Z), for which G(β) has order precisely ǫ(n) by Corollary 6.3.
SMOOTH COMPLEX 3-FOLDS
In the preceding paragraphs, we have analyzed the topological period-index problem for 6-dimensional CW complexes. Here, we consider the consequences for smooth projective complex 3-folds X. Any such X has the homotopy type of a finite 6-dimensional CW complex. As a result, we find the existence of topological projective bundles on X, and we also outline a potential method for constructing counterexamples to the period-index conjecture for function fields at the prime 2 in dimension 3.
If X is a smooth complex variety and α ∈ Br(X), we let α denote the image of α under the natural map Br(X) → Br top (X) = H 3 (X, Z) tors .
Theorem 7.1. Let X be a smooth projective complex 3-fold, and let α ∈ Br(X). Then,
If X is moreover simply connected, then ind top (α) = per top (α).
Proof. The first statement is simply an application of Theorem B. The second statement follows from Theorem A and Poincaré duality: if X is simply connected, then
We can use the topological results in another way. Suppose we wanted to disprove the period-index conjecture. A natural approach would be to construct a smooth complex 3-fold X and a class α ∈ H 3 (X, Z) tors such that per top (α) = 2 and ind top (α) = 8. Indeed,
given such a class, we could lift it to a class α ∈ Br(X) such that per(α) = 2. Then,
Write η → X for the generic point. Since Br(X) → Br(η) is injective, per(α η ) = per(α) = 2. But, we also have ind(α η ) = ind(α) by the following proposition, and hence the periodindex conjecture would be false.
Proposition 7.2. Let X be a regular noetherian scheme with function field K, and let
Proof. The following proof was told to the first author by David Saltman at the AIM workshop "Quadratic forms, division algebras, and patching" in January 2011. Recall that for a given Brauer class α, there is a notion of α-twisted coherent sheaf (see, for instance, [13] ). These objects form an abelian category, and we may take the K-theory of this category, obtaining G α 0 (X). Similarly, there is a notion of α-twisted vector bundle, and we can produce K-groups K α 0 (X). The index of α then has the following nice description: it is a generator of the image of the natural rank map K α 0 (X) → Z. Moreover, when X is regular, we have natural isomorphisms K α 0 (X) ∼ = G α 0 (X). There are extension by zero maps j * : G α 0 (K) → G α 0 (X), where j : Spec K → X. Under the isomorphisms with K-theory, extension by zero is compatible with the rank map. So, there exists an α-twisted coherent sheaf on X of rank ind(α K ). Since G α 0 (X) ∼ = K α 0 (X), we see that ind(α)| ind(α K ).
But, we also know in general that ind(α K )| ind(α), so the result follows.
Putting everything together, we have proven the following theorem.
Theorem C.
If there exists a smooth projective complex 3-fold X and a 2-torsion class α ∈ Br(X) such that 2G(α) = 0, where α is the image of α in H 3 (X, Z) tors , then the period-index conjecture is false at the prime 2 in dimension 3: the image of the class α in the function field C(X) has period 2 and index at least 8.
On the other hand, an unpublished result of Daniel Krashen says that if X is a complex 3-fold and α ∈ Br(C(X)) has period 2, then ind(α) divides 8.
If such an example is found, it is natural to ask if an "asymptotic" version of the conjecture is true. That is, the conjecture is true for primes p in dimension d if p > N d for some integer N d that depends only on d. In particular, N 2 = 1 and N 3 would equal 2. If the period-index fails, does it fail for purely topological reasons?
